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Abstract 



, Consider jump-type stochastic differential equations with the drift, diffusion and jump 

terms. Logarithmic derivatives of densities for the solution process are studied, and the Bismut- 
Elworthy-Li type formulae can be obtained under the uniformly elliptic condition on the coeffi- 
^ . cients of the diffusion and jump terms. Our approach is based upon the Kolmogorov backward 

^ ■ equation by making full use of the Markovian property of the process. 
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1 Introduction 

The Malliavin calculus has played an important role in many fields, as one of powerful tools in 
infinite dimensional analysis. That has also given us an attractive solution to the hypoelliptic 
problem for the differential operator associated with a stochastic differential equation, by means 
of probabilistic methods. It is well known that the Hormander condition on the coefficients of 
the equation, which is the condition about the Lie algebra generated by the vector fields associated 
with the coefficients, yields the existence of the smooth density function. See [3, 18] and references 
therein. Bismut [4] also studied the logarithmic derivatives of the density function with respect to 
the initial point of a stochastic differential equation on Riemannian manifolds. His approach is 
based upon the Girsanov transform on Brownian motions. The formula has a nice flavour with the 
precise estimate of heat kernels or large deviation principles. Elworthy and Li [8] also tackled the 
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same problem in more general class of stochastic differential equations on Riemannian manifolds, 
via the martingale methods. Nowadays, the celebrated formulae are called the Bismut-Elworthy- 
Li formulae after their great contributions. The logarithmic derivatives of the density function is 
equivalent to the Greeks computations for pay-ofF functions in mathematical finance. Fournie et 
al. [9] applied the Malliavin calculus on the Wiener space to the sensitivity analysis for asset price 
dynamics models. They also applied their results to the numerical computations of the Greeks. 

All works stated above, paid attention to the case of the processes without any jumps. There has 
been a natural and non-trivial question whether a similar approach is applicable to the sensitivity 
analysis in case of jump processes. The interests in jump processes are recently getting more 
and more in mathematical finance. In the present paper, we shall study the Bismut-Elworthy-Li 
type formulae for jump processes, with respect to the initial point and the parameter governing 
the equation. There are some approaches to tackle the problem on the sensitivities: the Girsanov 
transform approach ([14]) for Levy processes initiated by Bismut [3], the martingale methods ([5]) 
similarly to [8] in case of diffusion processes, and an application of the Malliavin calculus on the 
Wiener-Poisson space ([1, 6, 7]). In particular, Davis and Johansson [6], and Cass and Friz [5] 
studied in case of jump diffusion processes, but their approach does not take any effects from the 
jump term. Bally et al. [1] studied the Malliavin caluclus with respect to the jump amplitudes and 
the jump times, and used the integration by parts formula in order to give numerical algorithms for 
the sensitivity computations in a model driven by Levy processes. The goal in the present paper is 
to compute the logarithmic derivatives of densities, including not only the effect from the diffusion 
terms, but also the one from the jump terms. The results obtained in this paper corresponds to 
give another approach on the logarithmic derivatives of the density studied by Bismut [3] using the 
Girsanov transforms. 

This paper is organized as follows: In Section 2, we shall prepare some notations and introduce 
our framework. In Section 3, the main theorems on the logarithmic derivatives for the density with 
respect to the initial point and the parameter, are given. Those proofs are done in Section 4. Some 
typical examples are given in the final section. 



At the beginning, we shall introduce some general notations. For a, [i eM, denote by C'^ (R" ; R.^j 
the class of k times continuously differentiable, R'^-valued mappings on R", and by ^ ^R" ; R''^) 
the class of C (R'^ ; R^) -functions with bounded derivatives of all orders more than 1 . The sub- 
script K of C\ ^R" ; R''^) indicates the compact support. Denote by V = (Vi, . . . , V^) the gradient 
operator in R'', by = {^^^ , . . . , d,^J the one in R'", and by = (c^e, , . . . , de,) the one in R'. Write 
the idensity by Id = {djk ; I < j,k < d) £ ^ W'. For M ^ R^, the symbol [M],y indicates 
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the (/, 7)-component of M. For a subset c R", denote its closure by A', its boundary by dN, and 
its Lebesgue measure by \N\. For W' (8) R'"-valued function O on R™ and L e R'" O R' O W", define 

m 

{div, [O (z)]}, = 2 ^z, ("^ik (z)) , div, [O (z)] = ({div, [O (z)]}i , . . . , (div, [€) (z)]},) , 

!=1 

ni 

{Tr [L]}, = Liki, Tr [L] = ({Tr [L]}, , . . . , {Tr [L]},) . 



(=1 



Denote by c/'s different positive finite constants. 

Write = W^X {0}, and let dv be a Levy measure on Rq . Moreover, suppose that 

Assumption 1 The measure dv satisfies the following three conditions: 

( i) for any p > I, 

I (\z\I(\z\<l) + \zf I(\z\>l))dv < +00, 

(ii) there exists a constant a > such that, for any 6 e S'"'^, 

liminfp'^ r (\z-e/p\^ Al)dv>0, 

(Hi) there exists a -density g (z) with respect to the Lebesgue measure on R^ such that 

lim \zfg(z) = 0. 

\z\->oc 

Remark 2.1 Levy processes such as tempered stable processes, inverse Gaussian processes, etc. 
satsify Assumption 1. □ 

Remark 2.2 In order to study the existence of a smooth density for jump processes, Ishikawa and 
Kunita [13], and Picard [19] impose the following two conditions to the measure dv instead of 
Assumption 1: 

(iv) there exists < <2 such that 

liminfp-^ r \z\^dv>0, 

P'^'^ J\z\<p 

(v) there exists a positive definite matrix S gW" (8>W" such that, for any 6 e S"^~^, 



liminff r izpjy) r 

\j\z\<p I J\z\t 



\z ■0fdv>9- Ed. 

'\z\<p I J\z\<p 
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The condition (iv) is called the order condition on the measure dv, and the Levy process satisfying 
the condition (v) is called non-degenerate. It can be easily checked that the above conditions (iv) 
and (v) imply (ii) in Assumption 1. In fact, 

r i\z-eip\^ M]dv>p-^ r \z-e\^dv>c,p-^^i^e-'Re. 

J\z\<p 

□ 

Let r > be fixed, and {Cl, T , P) the underlying probability space. Denote an m-dimensional 
Brownian motion with Wq = by = (w/, . . . , WJ") ; ? e [0, r]|, and by dii the Poisson ran- 
dom measure on [0, T] xRq with the intensity dp. = dtdv. Let {%; t € [0, T]} be the augmented fil- 
tration generated by W and dfj. with respect to P. Define djl = dfx-dfi and djl = I(\z\<i)dfi+I(\z\>i)dtJ- 
Let at : R' X ^ (/ = 0, 1, . . . , m) and & : R' X X ^ such that 

Assumption 2 The -valued functions ao, ai, . . . , am, b satisfy 

(i) at (s, •)£ Cf^^ (R'' ; W^)for each s e R', and a,- ( • ,y) e C}^^ (r' ; W^)for each y e R'', 

(ii) b. {s, ■) e C^;7 {w' x R;;' ; R^) for each e e R', and b,(-,y) e C{^_^ (r' ; R^) for each 

(Hi) for each s e R', 

lim b^ (e, y) = 0, inf inf Idet [4 + ^b, (e, y)] I > 0. 

Write a = (ai, . . . , For (s, jc) G R' x R'^, consider the stochastic differential equation: 

dxt = ao (s, Xt) dt + a (e, Xt) o dWt+ \ b^ (s, Xt-) dji, xq = x. (2. 1) 

Since the coefficients satisfy the Lipschitz and linear growth conditions under Assumption 2, there 
exists a unique solution {xt = x^'^ ; t e[0,T] ] (cf. [12]). The infinitesimal generator £f associated 
with the solution process {xt; t e [0, T]} is given by 

1 r 

(£7) (y) =Alfiy) + -Y A^A^f (y) + [^f (y) - B^f (y) 7(|,|,i) j dv 

for / G C|(R'';R), where Af/Cv) = Vf(y)ai(s,y), B^fiy) = Vf(y)b,(s,y) are vector fields, 
Af Af / (y) = V (V/ (y) a,- (s, y)) a,- (e, y) and (y) = f(y + b, (e, y)) - / (y). Moreover, Assump- 
tion 2 yields that the mapping 3 x Xt £ has a -modification for each (t, s) G [0, T] x R', 
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and its Jacobi matrix Zf := V^Xj satisfies the linear stochastic differential equation: 

dZt = Vao (e, Xt) Zfdt + Va (e, Xt) Zt o dWt+ | Vb^ (s, Xt-) Zt-dji, Zq = Id. (2.2) 

Let [Uf ; ? e [0, T]\ be the solution to the linear stochastic differential equation: Uq = I4 and 
dUt = -U, Vflo (e, Xt) dt - U, Va (e, x,) o dW,- \ U,- \(Id + Vb.T^ Vb,] (s, x,-) dji 
+ f U, Uh + yb,r' (Vb,f] (s, X,) dpi. 



(2.3) 



Then, Zf [/; = UfZf = holds for each t e [0, T] by the Ito product formula. Under Assumption 1 
on the measure dv, and Assumption 2 on the coefficients, the upper estimate 



E 



sup {\x,f + \\z,r + \\u,r} 

fe[0,r] 



<C2.p,s.r(l + wo 



holds for any p > I. See [10]. Moreover, we have 

Proposition 2.1 For each t e [0, T\ the mapping 3 s x, eW^ has a -modification, and 
the derivative Hf := d^Xt satisfies the equation: = e R' R'', and 



dH, = Vao is, Xt) Ht dt + Va (e, x,) H, odW,+ \ Vb^ (e, x,-) H,- 
+ dsao (e, Xt) dt + dga (e, Xt) o dWt+ j dgb^ (s, Xt-) djJ. 



Moreover, it holds that, for any p > I and any compact subset K in R^, 



dp 



(2.4) 



supE 



sup mr 

?e[0,r] 



Proof. We shall write = jcf , in order to emphasize the dependence on e € R' throughout the 
proof. Let (e, 5) e R' x R^ Since 



-x^j = J jao (e, xf) - ao (s, xfj^ ^'^ ~ " ^^)} ° 

+ r r {Z7,(£,<_)-Z7,(c5,4_))^iii7, 

JoJlC 



we can get 



E 



I e S\P 

sup pCj - xA 



for any p > I, from Assumption 1 and 2. Thus, the Kolmogorov continuity criterion tells us that 
the mapping R' 3 s i — > xf e R"* has a continuous modification for each t >0 and x e W'. 

Next, we shall study the differentiability of jcf in e e R'. Let ?t ^, ^ g R, and Bk e R' the k-th 
unit vector. Since 

(xr^^^ - xf ) = [ao (s + ^Bk, xff^*) - ao (s, x',)] l^ds 

r r k(e + ^e,,x::^"')-&,(e,x:_)}/^JA^> 

Jo Jr;;' 

we can get the upper estimate 



+ 



+ 



sup|(xr^^'-xf)/^-(xr^^^-xf)/4 

t<T ^ ' 



<C5Ms,k\^-^f 



for any p > 1. Hence, the mapping R' 3 g i — > xf G R'^ has a -modification with respect to the 
parameter e e R' for each t>0 and x G R'', via the Kolmogorov continuity criterion, again. 

Furthermore, Assumption 2 enables us to justify that the derivative dgX^ satisfies the equation 
(2.4). It is an easy work to check the upper estimate of d^Xt in the assertion. □ 

Corollary 2.1 The derivative = dgXt can be computed as follows: 

Ht = ZtJ^ U, (d,ao (s, X,) - £ [(Id + Vb,)-' Vb, d,b,] (s, x,) dv'j ds 

+ Zt f U,d^a(s,x,)odW,+Zt f f U,J(Id + Vb,r^d^bMs,x,_)dJi (2.5) 
Jo Jo Jr^ 

|=:Z, f f^(s)ds + Z, f r(s)odW, + Z, f f hl(s)djl] 

V Jo Jo Jo JlR^ J 

Proof. Obvious by Proposition 2. 1 and the Ito product formula. □ 



3 Main theorems 

Let us present an assumption on the coefficients of the equation (2.1), which is crucial for discus- 
sions in what follows. 
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Assumption 3 There exist constants ce,s, cj^s > such that 

m m 

2 1^ • at {s,yf > ce,s I^P , ^ 1^ ' ^^'^^ ^^'^^ - ^^-^ '^l' 

;=1 

for any (y, ^) e x and z G K'. 



i=i 



Define the R'^-valued function b by (e, y) = ^(Id + VZ?^) ^ f^^Zj^j (e, j) z. Then, we shall intro- 
duce the well-known criterion on the existence of the smooth density. 

Proposition 3.1 (cf. [15, 16]) If there exist constants cs,e > and y > such that 

inf inf |y K(e,y)-^/pl'+ r • ^/pf A l) Jvi > C8,,p-^ (3.1) 

for < p < 1, then the probability law of the random variable Xj - Xj^ has a density pj (s, x,y) 
with respect to the Lebesgue measure on R'' such that pr (s, x, y) is smooth in y e R'^. 

Remark 3.1 It can be easily checked that Assumption 1, 2 and 3 imply the condition (3.1) in 
Proposition 3.1. In fact, since 



1 < 



[(I, + VbyJ (s,y) ^ \[I, + Vb,] (s,y) ^\ < c,,, [(I, + Vb,)-']* (s,y) ^ 



for ^ e 5 , we see that 



[(Id + V&,)-i dA]* (s,y) ^/p ' > c,o,s \[(Id + V&,)-i]* (s,y) ^/p 



> Cii,eP 



under Assumption 2 and 3. Then we have 

j^^ (|&, (£,y) ■ ^Ipf A l) Jv = J^^ (|([(/rf + Vb,)-' {e,y) ^/p) ■ zf A l) dv 

>ci2,^inf r (iz-e/pl" Al)dv 

> Cis.eP"" 

from Assumption 1 (ii), for sufficiently small < p < 1. □ 

We are now in a position to present main results. To avoid lengthy expressions, let us prepare 
some auxiliary notations. Define 



V, (s, z) = [(dAT' (h + V&,)] (s, xs) Zs kl' , 
7 



'T,t 



-n 



Y divj^(z)v,(£,z)] 



dfi, Kr,t= I I 2z*Vs(s,z)dfi, 

Jt Jr? 



for < T < ? < r. We first derive the sensitivity formula with respect to x e R''. 
Theorem 1 Let (p be in C| (R'' ; r). Then, it holds that 



V,(E[^(xr)]) = E 



, . J^OJ - Jq,T Kqj 
f (Xt) i : + 



{=:E[<p(xT)r^^^]). (3.2) 



Next, we shall study the sensitivity in e e R^. For the sake of simplicity on notations, define 

Lf= r dW:a(s,x,r'Z,f^(s), Gf= r f (s) o dW„ 
Jo Jo 

i?f = - r dW:a(s,x,r'Z,Gl Q^ = - f Tr:\a(s,x,r'Z,D,G^]ds, 
t Jo t Jo 



(s, z) = UdAr' (Id + VZ7,)1 (£, Xs) Z, hi {s), Jt= f f 

Jo Jr 



'C divjg(z)v,(e,z)]_^. 



g(z) 



dfi. 



where /q (5), f^is) and h^is) are given in Corollary 2.1, and {Z)^ ; 5 e [0, T]} is the Malliavin 
derivative operator. 



Theorem 2 LetcpeCl (r^ ; r). Then, it holds that 

(E [<p (xt)]) = E[(p (xt) {L'r + - Qt - 4)] (=: E (x^) 4'^]) , 



(3.3) 



Finally, we next study the second order derivative in x e R"^. To keep the presentation as 
concise as possible, write f = T/2, and define 

Fjj, (s, t) = j] {v., [a {e, x,)-% zf + [a (a, x,r% V,,zf } , 
fi=i 

d 

Fl, (e, t,z) = -J] [{dA (s, xdr'l [^^'^ + ^'^^ ^'^J 1^1' ' 



4, is, t,z) = Yj [^9 A (e, x,)}-'] [5,V,^ {b, (e, X,)) V, (£, z)] 



for 1 < z < m and 1 < j,k < d. Moreover, write (s, t) = (f}., (s, t)] , and (s, t, z) = 

\ 'J"- / i<i<m,i<j,k<a 

(F'fji^(£,t,z)j^^.^ for cr = 2, 3. Then we have 



' l<i<m,l<j,k<d 

Theorem 3 Let (p be in C\ {B.^ ; R). Then, the equality 



V,V,(E[^(xr)]) 
= E 



Kl 



^{xt) { Ty + - — : — in i + 



-tXk 



T,T 4 - 4 - 0,7" 



div,[F"'(s,s,z)] 
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(3.4) 



+ [ r FHs,s)dw,+y r r div, [f^^ (e, dn 

(=:E[^(xr)4'^]) 

w/zere = (L^,f - y^,f) M^,, + K^J {Ar,tffor 0<T<t<T. 

Remark 3.2 For < r < ? < T, define AT^^ = Jj^,„ (e "-l' - l) J/i. Then, E [A;f ] < +oo holds for 
any p > I, since the condition (ii) in Assumption 1 on the measure dv yields that 

1 /->+oo 

E [a;;] = ^ E [exp dA 

I /-«+oo 

<cuj f AP-^ exp\-(t-T)A-(t-T) [ [(a\z\^) A l] dv\ dA 
Jo [ Jr-^ IV / J J 

X+oo 
AP-^ exp [-(t-T)A- ci5 - t) j ii/l 



< +00. 



Denote by 'Z/ the family of bounded domains and their complements in Mf'. Define the class 5 
of R- valued functions by 

^ = If = YjakfkiA,; n €N, ak eR, \fk (y)\ < cie,k (1 + \y\) , G 'W 

i k=l 

Corollary 3.1 Let ^ g 5. (^nd 1^^ (i = 1, 2, 3) be random variables defined in Theorem 1, 2 and 
3. Then, the following equalities hold. 

V,(E[^(xr)]) = E[^(xr)r?)], 



Remark 3.3 The class g is smaller than that of measurable functions (p satisfying E [|^(JCr)Pj < 
+00. But, the class 5 is rich enough from a practical point in mathematical finance, because various 
payoff" functions for asset price dynamics such as call options, put options, digital options, and so 
on, are included in 5- □ 

Remark 3.4 Consider the case where the R'' (gi R'^-valued function a (s, y) a (s, y)* is uniformly 
elliptic in y G R'', while the function d^bz (s, y) djb^ (s, y)* is not always uniformly elliptic in y G R'' 
and z G Rq . Although Assumption 3 is not satisfied, this case can be also discussed in our position 
by ignoring any jump effects. Then, the sensitivity formulae are given as follows (cf. [5]): 



f lo 



Moreover, remark that Assumption 1 on the measure dv is not necessary. In case of (s, y) = 0, 
these are exactly the Bismut-Elworthy-Li formulae. See [4] and [8]. □ 

Remark 3.5 Consider the case where the R'' R'^-valued function d^b^ (s, y) djb^ (s, y)* is uni- 
formly elliptic in 3; G R'' and z G R^, while the function a (s, y) a (s, y)* is not always uniformly 
elliptic in 3; G R'^. Although Assumption 3 is not satisfied, this case can be also discussed in our 
position by ignoring any diffusion eflFects. Then, the process can be of pure-jump type and of 
infinite-activity type, and Assumption 1 on dv is essential. The sensitivity formulae are 

WD _ _Y2I. + ^".^ r(2) __js 



p(3) _ I t,T ^ f,T ^ f,T 



' + '-^ + 



( ^''^ {Ao,f) J At J (Aoj ) 



^ Jo Jk^ Aq j + \z\ Aq t Jo Jk" 



where A^,f = f^f \z\^dfi. 



Remark 3.6 Bismut [3] obtained the integration by parts formula for jump processes via the Gir- 
sanov transform, and studied the existence of smooth densities. Then, it is crucial to study the 
invertibility on the non-negative definite, symmetric matrices valued random variable, which is 
called the Malliavin covariance matrix. The Hormander type condition on the coefficients of the 
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equation (2.1), instead of Assumption 3, enables us to check the invertibility of the Malliavin 
covariance matrix (cf. [15] and [16]). Then, it would be possible to compute the concrete repre- 
sentations as stated in Corollary 3.1 in the hypoelliptic situation via a similar manner to the one in 
the uniformly elliptic situation, which will be studied elsewhere (cf. [20]). □ 

4 Proofs 

We shall devote this section to prove our main results. For t g [0, T\ and ^ g C| (R'' ; r), define 

U (t, x) = E[(p (XT-t) \xo = x] . 

Then, it holds that u G C^'^ ([0, T) x R^ ; r), lim^^r u (t, x) = (p (x), and (d, + Du = Q (cf. [11]). 
The following lemma can be regarded as the martingale representation on ipixj), and plays a 
crucial role in what follows. 

Lemma 4.1 For (f&C\ {r^ ; r), it holds that 

^ (xr) = E (xr)] + I Vu{s,Xs)a{s,Xs)dWs + \ \ W^u{s,Xs-)dfi. (4.1) 
Jo Jo Jk^ 

Proof. Let t G [0, T). Since u G C^'^ ([0, T) x R^ ; r) and {dt + £f) u = 0, the Ito formula yields 

M (t, Xt) = u(0,x) + I Vm (s, Xs) a (e, Xg) dWs + j j S^m (s, Xg-) dfX. (4.2) 
Jo Jo Jr^" 

Since (p&C\ (r^ ; r), it holds that u (t, Xt) = E[(p (xt) \Tt] ^ E [9? {xt) \Tt] = (f (xt) ast /'T (cf. 
[12]). It can be easily checked from Assumption 2 that stochastic integrals in the right hand side 
of the equality (4.2) converge to the ones in (4.1) ast Z' T, respectively. □ 

Taking the diff"erential of (4. 1) in Lemma 4. 1, we have 

Lemma 4.2 For 1 <k<d and ip&C\ (R'' ; r), it holds that 

Vx, (V (.Xt)) = E [V;,, {if {xt))] + r V;,, (Vm {s, x,) a {s, x^)) dW^ 

Jo 

+ 11 '^xA^tu(s,Xs-))dfi. 

Jo Jic 



(4.3) 
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Proof. We shall write Xt = x^, in order to emphasize the dependence on x e R'' throughout the 
proof. Taking the derivative of the equality (4.1) in Lemma 4.1, we have 

v., (4)) = v., (E [<p (4)]) + V,, I J^^ {s, x:) a {s, x^) dW, 

+v.irr ^uis,x:_)dfi]. 

Let < (5 < 1, and e R"^ be the k-ih unit vector. Then, we have 

e[^(x-^^^)]-e[^(4)] 



-E[V,,(^(4))] 



< E [I V,,^,e, [ip (x^r'^^)) - V,, (4)) 



dcr. 



which tends to as 5 \ 0, because ^ e C| (r^ ; r) and Z, e (Q, P). Hence, we get 

V,,(E[^(4)]) = E[V,,(^(4))]. 

On the other hand, since u £ Cl'^ ([0, T)xR^; r). Assumption 2 and x,, Z, G (Q, P) for any 
p > 1, we have 



E 



< 



I 

r 



T ( Vm [s, xf ^^*) a [s, xf ^^*) - Vm {s, 4) a (e, 4) 



- V;, (Vm (5, X J a (e, xj) 



V...,e, (Vm (5, xf -^^*) a (e, xf'^^-*)) - V,, (Vm (s, x^) a (s, x^)) 



which tends to as 5 \ 0. Thus, we get 



Similarly to the above, it holds that 

Vxirr ^uis,x:_)dji]= r [ v,, (»>(., xt))rf/i. 

\Jo Jk; ) Jo Jk? 



Lemma 4.3 For (p e Cj. (w' ; r), it holds that 



Jo Jk^ 



nu(t, 
- -J 



Xt + (e, Xf)) Izp dfi 
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E 



/7 

Jo JlC 



hi (t) djx 



/7 

.Jo Jl^ 



u it, Xf + (s, Xt)) hi (0 djl 



Proof. We shall only prove the second assertion, because the first assertion can be proved in a 
similar manner. Write = J^J^ h^ (t) dfi, Mj = J^j^ h^ (t) dp.. Remark that 



ir 



E I I Vm {t, Xt) a (s, X,) dWt Mj 



Va it, Xf) Qi (e, Xt) Mf dW't 



+ . 



T / nt 




Vm (s, Xj) a (s, Xs) dW, dM^ 



\Jo 



= E (X ^" ^ ' 



and 



e[ r r ^lu{t,xt-) dfiM^ 

[Jo Jri; 

= E [ r r (0 t^ju] + E [ r [ r r j/z] jm^^ 

[Jo Jr™ J [Jo VJoJr;;' ) 

+ E [ r r Mf_ j/i] 

[Jo Jk^ J 

=E[r r s&iu{t,xt)hi{t) dp +E r [rr »eM(5,x,_)j/iijMf 

[Jo Ji^ J [Jo VJoJr^" / 

from the Ito formula. Since u e Cj'^ ([0, T) x R'^ ; r), Ut e (Q, P) for any p > 1, and 

E Vm (5, jc^) fl {s, Xs) dWs '^J J ^/^| 
the equality (4.1) in Lemma 4.1 enables us to see that 



= G R' (8) R'', 



Vm (t, Xf) a (e, x,) dWf Mi 



Jo Jr" 



©^m (r, Xt-) dp My 



E (xt) M^] 
= E[^(xr)] E[m^] + E 

= E\(p (xt) M^l + E r r S^M (t, X,) hi it) dp I 
LJo Jbj^ J 

^ 1^ Vm(5,x,) a(£,x,) JMfj -E^^ j^J^ (5, x,_) J/ij i/Mf 
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Jo Jk 



u''(t,Xt + b^(£,Xt)) Kit) dp. 



4.1 Proofs of Theorem 1 and 2 

We shall reveal each terms in Theorem 1 and 2 in what follows. 

Lemma 4.4 Let (p€C^ (w^ ; r). Then, it holds that 

E[VA(P(xt))]T = E[(p(xt)Lo,t]. 



Vx(¥'fe)) 



f/o 
Jo 



(0 



E[^(;cr)L^] 



Proof. We shall only prove the second assertion, because the first one can be done in a similar 
manner. Since Lemma 4.1 tells us that the process {u{t,Xt) ; t e [0,T)} is (!7^)-martingale, so is 
{Vx (u (t, Xt)) ; t e[0, T)}, similarly to the proof of Lemma 4.2. Then, for t <t <T, we have 

E [V, (U (t, X,)) (t)] = E [V, (U (T, Xr)) (0] . 

Hence, taking the limit as r T yields that E |^V;t (u (t, x,)) (O] = E if fe)) fQ (O], because 

V;,(M(T,Xr)) = V;,(m(0,jc)) + r Vx(yu{s,Xs)a{s,Xs))dW,+ f f V A^lu{s,Xs-))djl 

Jo Jo Jr;;' 

^ V;, (m (0, jc)) + r (Vm (5, .jc,) a (£, Xs)) dWs + f f (^^m 
Jo Jo Jr;;' 

Therefore, the Fubini theorem and Lemma 4.1 yield that 



V;,(^(xr)) 



f/o 
Jo 



(0 dt 



r B{VAu{t,x,y)f^{t)\dt 
Jo 

/ 

Jo 



Vm (f, j:,) fl (e, Xt) dWt Li 



= E[^(;cr)Z^r] 



because of Assumption 3 and g (Q, 



The following lemma is the application of the integration by parts formula on the Wiener space. 
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Lemma 4.5 Let (f e {w' ; r). Then, it holds that 



E 



E[cp(xt) (R't-Qt)] 



Proof. Since Dgcp (xt) = V(p (xj) Zj Us a (s, x,) for s e [0, T] from the chain rule on the 
operator D, the integration by parts formula implies that 

E [V^ (if (xt)) Gt] =^\f ^^t) a {s, x.T' Z, Gt ds 

= bL{xt) ]-D*[a{s,xr' ZGt) 



where D* is the Skorokhod integral operator. Remark that Gj 6 Doo ® R'') from Assumption 2 
(cf. [18]). Then, we see that 

D* {a {s, x.y^ Z. Gt) = D* (a (s, x.)'^ Z.) Gt - Tr [a (s, jc,)"^ Z, D,Gt] ds 

Jj^ (dW,y a(s,x,r' Z,| Gt- Tr [a(£,;c,)-i Z,D,Gt] ds 



from Proposition 1-1.3.3 in [18]. 

Lemma 4.6 Let(peC\ {w^ ; r). Then, it holds that 

v.(^(xr)) r r \zu^i 

Jo Jr" 



E 
E 



'^x(<P(Xt)) 



Jo JC 



K (0 dfi 



= -E [<p (xt) Jo,t] , 
= -E[^(xr)4]. 



Proof. We shall prove the second assertion only, because the first assertion can be obtained in 
a similar manner. Recall = J^J^ h^ (0 dfi and M|. = J^J^ h^ (t) dfi. Lemma 4. 1 implies that 

r r ^iuit,xdvJhi(t))dfi\=E\ [ [ ^iu{t,x,:) dfi r r vMi.t))dii 

Jo Jr^" J [Jo Jk^ Jo Jc 

[ Jo Jk* 
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On the other hand, it holds that 



r r u(t,x,)vjhi(t))dfi =E ifixT) f f vM{t))dji 

Jo Jk Jo Jic 



from the Fubini theorem. Thus, we have 



E 



r r u(t,x,+b,(s,x,))vjhi(t))dfi =E ^{xt) r r v^/i^wi^// 

Jo Jr^" J L Jo Jr;;' 



Here, the second equality can be justified, similarly to the proof of Lemma 4.2. Furthermore, 
multiplying Jj by the equality (4. 1) in Lemma 4. 1, it holds that 



n»f M (s, X,) div^ [g (z) V, (s, z)] dz ds 
-0 

= -E I I d^iu (s, Xs + bz (s, Xs))) Vs (s, z) dfi 

[Jo Jrj" 

= -E [ r r V;, (m (s, X, + b, (s, Xs))) hi (s) dp. 
Jo Jk" 



10 JV^ 

Here we have used the integration by parts for the second equality, from the condition (iii) in 
Assumption 1. Therefore, Assumption 2 and <p ; R) enables us to obtain that 



E [V, {xt)) M^] = E [V, {ip {xt) M^)] - E {xt) V,M^] 

= vJe r r u(t,x, + b,(s,Xt)) h^it) dfi 

V L^o Jr™ 

- E [ r f u(t,x, + b, (s, Xt)) V, (/j^ (O) t^/i 
[Jo Jr^ 

= E [ r r V;, (m (5, a;, + Z?, (e, x^))) (s) dfi 
[Jo Jrj 

= -B[cp(xt) 4]. 



Corollary 4.1 For ip&C\ (r^ ; r), it holds that 



(4.4) 
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Proof of Theorem 1. Our goal is to get rid of Aqj from the left hand side of the equality in 
Corollary 4. 1. The Fubini theorem leads to 



E[^(;cr)] = E 



^ (xr) Act- 



io,?' 



E [p {xt)Aoj exp (-AAo,r - Kj)] e<rdA, 



where A^^^ = (e '^'^'^ - 1 j dfi. Define a new probability measure P'^ via the Girsanov transform 



dF 



= exp 



Jo Jkt 



and denote by E'* [ • ] the expectation with respect to the measure P-^. Then, under the measure P'^, 
djx is the Poisson random measure with the intensity dfij, := exp ^-A dfi, and djlj, := djj.- djlx 
is a martingale measure. See [17] for details. 
We shall rewrite the equation (2.1) as follows: 

dXf = flo Xt) dt + a (s, x,) o dWt + I (s, <i]u^. 



where 



flo (s, y) = «o (s, y)+ I (s, y) (e "^'^'^ -l)dv, djl^ = I(|^|<i) J/i^ + I(|2|>i) dfi. 

J\z\<l 



In a similar manner to Corollary 4.1, we can get 



V, (e^ [cp (xt)Ao,t]) = E^ [<p (xt) {Lo,t - 4^)] , 



where 



r,t ~ 




div, \e-'^'^g(z)Vs(s,z)] 

-2 -dil;i 



for < T < t < T. The Fubini theorem yields that 

e-^^*KTE'^[<p(xT)LQj]dA = E I J e-^'-^dAi(p(xT)Loj = 
Since dfi^ = dp. + (l - e"-^'^'^) dfi and 



f (xt) 



div,[e-^^'^'g(z)vs(£,z)] diY,[g(z)Vs(s,Z)] 
15— T = Vs (s, z) + 



e-^l^lg(z) 



g(z) 
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we have 7^^/ = Jj^t - ^Kj^t from the condition (iii) in Assumption 1. Hence, we can get 



Xoo I /-»oo 

e'^^^Kr E-* [(f (xt) 45] ^^/l = E J e-^'-^ if (xt) {Jo,t - ^Kqj) dA 



= B\cpixT) 



Ji 



Q,T 



(P(xt) 



0,T 



from the Fubini theorem. The proof of Theorem 1 is complete. 



□ 



Proof of Theorem 2. By summing up the equalities in Lemma 4.4, 4.5 and 4.6, the assertion of 
Theorem 2 holds. □ 



4.2 Proof of Theorem 3 

We shall reveal each terms in Theorem 3. Concerning the continuous part, it holds that 
Lemma 4.7 For 1 < j, k < d, and (p&C\ {w^ ; r), it holds that 

Proof. Define 4 (s) = i^-, ^sT^ ^s- Multiplying Lq ^ by (4.3) in Lemma 4.2, we have 

J m 

2 V,. {Vu (s, X,) at (s, X,)} €f (s) ds 

i=\ 



f V,.V,,(E[^fe)]) = 



+ E 



y y {s, X,) v,^ (4 {s, X,)) ef (£) ds 

Jr-T d 
yV^u(s,Xs)V,^Z^Jds 

XT m d 
2 2 Vm (s, X,) fl,- (e, X,) V;,. [fl (e, x^T^] Zfds 
- i=\ B=l ' 



I '^xj'^x,(u(s,Xs))ds 
Jo 

J m d 



(4.5) 



htcWi%tY,1^Vycf^{y)[a{y)~^\ = - (3^) [a (3^)"^].,. Similarly to the proof of Lemma 4.2, 

we can get E [v^,^ V^,, (u (s, x,))] = E [v^,, V^,, (u (t, x^))] for'o < s <t <T. Since ^ e C| (r^ ; r). 
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taking the limit as t y T leads to 



E [V,^ V,, (u (s, X,))] = E [V,^. V,, (if (xt))] = V,^ V,, (E [cp (xt)]) . 



Thus, we see that 

T V,^. V,, (E [if (xt)]) = E [V,^. (cp (xt)) 

m d 



+ . 



2 2 Vm (5, X,) Ui (s, X,) V^. [a (s, x,y^] Zfds 



(4.6) 



Denote by {P, ; ? G [0, T]} the (Co)-semigroup associated with the process {Xf ; t e [0, T]]. We 
shall replace T and cp in the equality (4.6) by T and Pf(p, respectively. Then, it holds that 

f V,. V,, (E [Pf^ (Xf)]) = T V,. V,, (e [e [cp (xt) |n ]]) = f V,. V,, (E [cp (xt)]) . 

In a similar manner to Theorem 1, the first term of the right hand side of (4.6) is equal to 

E [ V,^ (Pf^ (Xt)) L^ f] = E [ V,^ (e (Xt) \rt] ) LJ^] = E (xt) T^J^ LJ J . 

Define u (t, x) = E ^PfV (xf) \xo = xj for t e [0, f] and x e R^. Replacing T and ^ in Lemma 4. 1 
by r and Pf^, respectively, we have 

Pf<p(xf) = E[Pf<p(xf)] + I Vu(s,Xs)a(Xs)dWs + I I S^w (5, x,_) J/i. (4.7) 

Jo Jo Jic 



Multiplying Xf^i [fl (£, x.r'l^ V.^Z'^JdWi by the equaUty (4.7), we have 

Xr f m d 

L 1=1 j8=l 

Xr f m d 
Y,Yj[a{s,x,)-'\^,,Z^JdWi 

L - i=l y8=l 

yVpu{s,x,)^,,Z^Jds 

Jo 
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Multiplying 2™ 1 Yi=i "^-j h Xsr']^zfdWi by the equality (4.7), we have 

m d 



E 



Xi m u 
- (=1 /3=1 

X7 m d 

Xf m d 
^ ^ Vm (s, X,) Ui {x,) V^. [a (e, x,y^]^Zfds 
- (=1 B=l 



Therefore we can get 

f V,. V,, (E (xt)]) = E[<p (xt) rf^^'Llf] + E 



Xf m d 

XI rri li 
Y,Y,^.\a{e,xy] ZfdW: 
- i=\ p=\ 

Jr-t m 
tr 



+ 



■,j m d 



= E 



.s)dW[ 



Concerning the jump part, it holds that 
Lemma 4.8 For 1 < j, k < d, and ip&C\ {w^ ; r), it holds that 



ip{XT) 



/7 

Jo Jic 



\zUfi\ 



' • Jo J^^t^n 



H a-=2 



Proof. Since 



V;,^ V;,, (m {s, Xs + Z?^ (e, Xs))) 

( d 

= V 



^ V^M (s, X, + (s, X,)) [(Id + Vb^ (s, X,)) Z,]pj 



Vjs=i 



= 2 V^V^M (s, Xs + b^ (e, j:,)) [{Id + VZ?^ (g, j:,)) Z,]^^. [(/^ + VZ?^ (e, x^)) Z,]^^ 



(4.8) 



20 



multiplying Jq j by the equality (4.3) in Lemma 4.2 yields that 



= -E 



B[v,.{ip{xT))Jir] 

Jo Jr" ^'^^ § "^^^ 

Yd,V,.(u(s,x, + b,(s,Xs)))vf(s,z)dfi 

Jo Jk- ^ 

nm d 
Z ^"^P"^ + ^^^^ [^^'^ + '^^^ ^^^^ ^z, (^f ^s)) vf (s, z) dfi 
(=1 ye,5=i 

"S 1=1 yS=l 

^ V.V^M (5, + b, (e, j:,)) [(/d + Vb, (£, ^,)) ZJ^ . {{Id + VZ?, (e, j:,)) Z,],^ |zp 

- -0 /?,<$= 1 

2 2 Vpu {s, Xs + (e, X,)) V;,.^,, (e, x,)) vf (e, z) J/i 

- -0 1=1 y3=l 

= -E [ r r V;,. V;,, (m (s, X, + b, (e, X,))) Izp djl 
[Jo Jr" 



+ . 



-E 



y V^M (5, X, + b^ (e, X,)) {Uld + VZ7j. (e, x,)) Z,]^^.) |zp J/i 

n m ^ 



where Assumption 1 is used for the second equality. 

Replace T by T and (p by Pf(p, respectively. In a similar manner to Theorem 1, we have 

E [V,. (Pt^ (xt)) 4f] = E [V,. (e [cp (xt) \rt]) 4^f] =E[cp (xj) r^fp'oj] ■ 

Since u it, x) = E [^(Pf ^) (xf ) |xo = xj for t e [0, f] and x e R'', we see that 

E r r V^.V.^iHs^Xs + bMxsmz'^djl 
Jo Jkh 
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^ Xj ^ Xf; 



^ Xj ^ x^ 



^ Xj ^ Xk 



= -E 



nu (s, Xs + (xs)) dfl 
- - -0 

Jo 
Jo Jr^" 

from (p & (w' ; r) and Lemma 4.3. On the other hand. Assumption 1 imphes that 

^ r r y,^fi'i(s,Xs + b,(e,x,))V,J[(Id + Vb,(s,x,))Z±)\z\'dfi 

Jo Jr™ pt 

n m d 

n'Bfi (s, Xs) (div^ (s, s, z)]} ., dfi 

=EU^(xf) r r {divjF2(£,^,z)i) 

Jo Je;;' -^^ 

Jo Jm:^ ■'^ 

from (4.7) in the proof of Lemma 4.7. Similarly, we have 

n m d 
^ V^U (S, X, + b, (S, X,)) V,.5,, (Z^ (£, ^,)) vf (S, Z) dfl 
!=1 /3=1 

-0 i=i p=i 

n'Bju {s, Xs) (div^ \f^ (s, s, z)]} ., dpi 

Pffixf) f f {divAF\£,s,z)]}dfi 
Jo Jm^ ■'^ 

<p(xt) f f {di\ A F\£,s,z)]]. dfl 
Jo Je^ 

from Assumption 1 and (4.7) in the proof of Lemma 4.7. The proof of Lemma 4.8 is complete. □ 
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Corollary 4.2 For I < j, k < d and (p & C\ (r^ ; r), it holds that 



V,^V,,(E[<^Ur)Ao,f]) 



+ . 



(P(xt) 



(e, s) dW, + y r r div, [F"^ (s, s, z)] djr 
7^2 -'0 M 



, Jo 



jk 



(4.9) 



Proof of Theorem 3. Our goal is to remove Aqj in the left hand side of the equality in Corollary 
4.2. In order to do that, we shall adopt the same strategy as in Theorem 1. Define a new probability 
measure P"^ by 



d¥'^ 



via the Girsanov transform, and E'^ [ • ] is the expectation with respect to the measure F"^, where 
N^i = J^J - dp.. As stated in the proof of Theorem 1, we have 



E[<pixT)]=E 



(p(XT)Aof' 



&[<p(xT)Aoj]e'''^-fdA, 



and, under the measure P , dfx is the Poisson random measure with intensity dfi^ := e dfi. 
Moreover, djuji : = dfi - dfiA is a martingale measure (cf. [17]). 

Define Y[]1'^^'> = (l^,, - 7^^) /A^,, + K^J (A^,,)l Applying Corollary 4.2 with respect to E-* [ • ], 
we have 



V.,V,,(E[<^Ur)]) 

Xco 
e<TV,\,^[&[<p(xT)Aoj])dA 

= ^^<.|E^[,(..)r^;f'^(L5,,-yJJ^)] 

^(xT)\f [F'is,s)}.^dW, + J^ f f {diw AF'' is, s,z)]}jkdfi A 
I Jo Jo Jk^ 



dA 



=: h + h 



where 4J = /J^„ {div, [e-'\'\"g(z)vA£,z)]]J (e-'^'^"giz)) dfi, for < t < t < T. Since dfi, 
dju + (l- e-^l^l') J/i and = Jr,t - AK^,, as seen in the proof of Theorem 1, we have 



'^Tt — — : ' T + '^"i — 
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Thus, it holds that 



= E 



= E 



<P(xt) I 
Jo 

<P(xt) I 
Jo 

(P(xt) 



y{l),k f,T 0,f •'0,f ^ f,T 0,f 

f,T O,f A. I \2 A- I \3 



from the Fubini theorem. Similarly, we have 



/2=E 



= E 



Jo (Jo JoJr^-^ J^.^ 

^{xt)^\{ F\e,s)dW,+ r r y divJF-(e,5,z)]rf4 
Aqj {Jo Jo Jk^ ^ J^.^ 

3 



-E 



I ^ Jo Jm!s Ao,f + kr 



The proof of Theorem 3 is complete. 



4.3 Proof of Corollary 3.1 

For ^ G C| {e^ ; r), all sensitivity formulae are the direct consequences of Theorem 1, 2 and 3. 
The strategy to remove the regularity conditions, and to extend to the class 5> is almost parallel to 
the one studied in [14]. 

First, we shall extend from C| {r^ ; r) to Ck (R^^ ; R). Since (p & Ck (R^^ ; R) can be approx- 
imated uniformly and boundedly by a sequence ; n e N}, we see that, for each compact set 



|E [if {Xt)\ - E {(fn {Xt)\\ < ||<^ - <^„IL > 



sup 



V, (E [cp„ (xt)]) -E\cp (xt) T^M < supE 

X€H 



-(1)1 



1/2 



\\<Pn - <P\L > 



which tends to as n ^ +00. Thus, the sensitivity formula V;^ (E [cp (xj)]) = E^(p (xj) r^j!^j holds 
for(p£ Ck{W^; R). 

Second, we shall extend to the class Ct, (R^ ; R) of bounded continuous functions. Let cr G 



24 



(0, 1) be fixed, and write (y; 6) = [y eW' ; \y - y\ < 6^ for yeW and6> 0. For ^ e Q (R'^ ; R), 
we can find tlie sequence ; n e N} of continuous functions defined by 



(fix), if X € N (0;n - (t), 
0, ifxeN(0;n + o-y, 



and (fin (x) 6 [0, (f (x)] for eacli x e (n (0;n - cr)j n N (0;n + cr), where [0,-1] should be under- 
stood as [-1,0]. Clearly, cp^ 6 Ck (R'' ; R), and sup^gj^ \\(pn\\co = II^IL- The dominated convergence 
theorem leads to 

\E[ipixT)]-E[cp„(xT)]\^0 



as n ^ +00. On the other hand, since 



XT\>n-a) I — 2 

^ (n-cr) 



< 



E[|xr|']^0 



as n ^ +00, we have 



sup 



V;, (E [ip„ (xt)]) -E[cp (xt) ri!^] < sup E f sup E [\cp„ (xt) - cfi , 



which tends to as n +oo. Hence, we can obtain the sensitivity formula V;^ (E [^ (jcj-)]) = 
E [<f (xt) r^^j for (peCb (R^ ; R). 

Thirdly, we shall extend to the class of finite linear combinations of indicator functions, which 
leads us to extend to the class 5 immediately, via the standard truncation argument. It is sufficient 
to consider the case (p = lu for a subset U in R''. Then, we can find a sequence {(p„; n e N} of 
continuous functions such that 



<Pn (x) = < 



(p(x) , if X e 
0, ifxeUl, 



and (fn (x) e [0, (p (x)] for x £ Ui f) U+, where 

[/+ = e R^ ; Ij - jl < ^ 6 5f7)| UU, U- = l^y eW' ; \y - y\ < ^ {y e dufj n U. 

Clearly, (p„ e Cj, (R"^ ; r), and sup^^^j ll^nlL ^ 1- The dominated convergence theorem implies that 

|E[^(xr)]-E[^„(xr)]| ^0 
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as n — > +00. On the other hand, since there exists a smooth density pj {s,x,y) for the random 
variable xj with respect to the Lebesgue measure on as stated in Proposition 3.1, we have 

supE f {xt) - <p (xr)Pl = sup E {xj) - cp {xj)? iXr^U^n uA 

x€H xeH 

< 4 \U^_ n U+\ sup sup pT(s,x,y), 

y€UinU+ 



which tends to as n ^ +00, because of |?7£ n ?7+| ^ 0. Hence, we have 

1/2 



sup 

xeH 



V, (E [if, (xt)]) -E\cp (xt) < sup E l^^^l sup E \\ip„ (xt) - <p (xr)Pl , 

X€H L J x€H 

which tends to as n — > +00. Therefore, we can conclude that the sensitivity formula 

V,(E[<p(xt)]) = e[p(xt)I^^] 

holds for ^ e 5. 

The regularity condition on the function <p in Theorem 2 and 3 can be relaxed to the class 5 in 
a similar manner. □ 

5 Examples 

Example 1 (Levy processes) Let m = d = 1, and (x, 7, 0-1,0-2) e R^. Consider the R- valued 
process {Xf ; ? e [0, T]} given by 

Xt = X + yt + (TiWt + 0-2 \ 1 z d/J. 

Jo Jrq 

Consider the case of 0-1 and 0-2 ^ 0. Since 



Jr JRo 1 JtJVu 



[giz) Izpf 



0-2,? (Z) 

w^-r 



^^.f ~ f f ^A'' ~ ~' ~ Q't ~ ~ rr ' 

JrJRoO-2 O-l CTiT 

- [g{z)\zt] 



0"1 J|z|<l Jo Jro g(z) 



-dp. 
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we have 



„(1) _ Lo,T - Jq.T Kqj (^2,y) _ jy W2,o-i) _ p<T\ _ (jr, y(l,^Ti) _ / 'r, ,0-2 

'io,r (Ao,r) 



As stated in Remark 3.4 and 3.5, the case of either ctj or era is also in our position. In 
the case of ctj 0, since 



L'Tt — , Lf — , R-r Q-r — , L-r — \ z dv, 

CTi ' (Ti ' ' (TiT (Ti J|^|<i 

we have 

Wl) _ r(2,y) _ ry W2,cri) _ n^n _ wri H2,(r2) _ rO-2 p(3) _ ^OJ J 

1 J, y ' ^7"' ^ 7" ^7' !ci7' 5 A r ^7" > ^ 7" ^2 

In the case of 0-2 ^ 0, since 

JtJro 0"2g(z) JtJiRo^2 Jo Jro CTlgiZ) 



we have 



p(l) ^ _Vo£ Kqj ^2,a2) ^ ,,r2 ^(3) ^ fwi) _^J_1 Wl) ,r ^O.f 

whereA,, = X7 IzpJ^. 



3' 



Example 2 (geometric Levy processes) Let m = d = 1,(7, cr 1,0-2) e R^, and {X,; t e [0, T]] the 
R-valued Levy process represented as follows: 



Jo Jmo 

Let > 0, and {jc, ; re [0, T]} the R-valued process defined by Xt = xe^', which is called the 
geometric Levy process. Let ^ e 5 be bounded. Since 

dy (E (xr)]) = E (xr) xt T] = 5^ (E {{ip oi/,)(X + Xt)]) \^^^^^^, 
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d,, (E [<p (xt)]) = E y {xt) XT Wt] = d^, (E [(^ o ^) (X + Xt)\) \^^^^^^, 
d^,{B{ip{xT)\) = B\cp\xT)xT r r zJai] =5,,(E[(^o^)(Z + Zr)])|^^, 



lz=log;c' 



we can calculate the corresponding weights f y\ f f ^ '"^'^ f ^ '^^^ and f by using the result in 
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